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A SIMPLE PROOF OF A THEOREM OF KARRASS AND SOLITAR
DELARAM KAHROBAEI AND DELARAM KAHROBAEI
To Katalin Bencsa´th
Abstract. In this note we give a particularly short and simple proof of the following
theorem of Karrass and Solitar. Let H be a finitely generated subgroup of a free group
F with infinite index [F : H ]. Then there is a nontrivial normal subgroup N of F such
that N ∩H = {1}.
1. Introduction
As stated in the abstract, the purpose of this note is to present a proof of a theorem of
Karrass and Solitar [5] which is particularly short and simple. This result was also proved
by Ivanov and Schupp in [4] who were apparently not aware of [5].
In [1] and [2] (problem F22), P. Neumann asks the following question: Is it possible that
the free product {A ∗B;H = K} with amalgamation, where A, B are free groups of finite
ranks, H,K are finitely generated subgroups of A,B, respectively, is a simple group? In
desire of finding the answer to this problem, I arrived at the proof, recorded below, to
the following well-known theorem of Karrass and Solitar. Note that as mentioned in
[4], the theorem gives a partial answer to the question of P. Neumann, that under the
same condition of the problem, {A ∗ B;H = K} is not simple provided either of indices
[A : H], [B : K] is infinite. Needless to mention that in [7], Burger and Mozes constructed
an example of an amalgamated product of finitely generated free groups, with finitely
generated amalgamated subgroup, which is simple. The reader may want to recall the
familiar sounding but very different fact that if H is of finite index then H ∩ K is non-
trivial for all non-trivial K < F , (see pg. 20, [6]).
In the proof of the theorem we use a theorem of M. Hall [3] which states that a finitely
generated subgroup of a finitely generated free group is a free factor of a subgroup of finite
index.
2. Main Theorem and Proof
1. Theorem: Let H be a finitely generated subgroup of a free group F with infinite index
[F : H]. Then there is a nontrivial normal subgroup N of F such that N ∩H = {1}.
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Proof. By a theorem of M. Hall [3], H is a free factor of a subgroup K = H ∗ Q which
has finite index in F . Since H has infinite index, Q must be nontrivial. There are only
finitely many conjugates of K in F and their intersection C is a normal subgroup of F of
finite index with C ≤ K = H ∗Q.
By the Kurosh subgroup theorem C = (C ∩H) ∗ J for some subgroup J . Since C has
finite index in K, J is nontrivial. Let L = gpC(J) be the normal closure of J in C. Then
L ∩H = L ∩ (C ∩H) = {1}.
Let b1 = 1, b2, . . . , bn be a complete system of coset representatives for C in F . Con-
jugation by bi induces an automorphism of C and so each L
bi is normal in C. The
intersection N = ∩n
i=1
Lbi is clearly normal in F . Also N contains the nontrivial subgroup
[Lb1 , Lb2 , . . . , Lbn ] because each Lbi is normal in C. Finally N ∩H = {1} since N ≤ L, so
N is the desired nontrivial normal subgroup. 
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